Under certain circumstances the Chern-Simons 3-form is exact (or is a sum of exact forms). Its volume integral can be written as a surface term, in a "holographic" representation.
Introduction
Physicists' interest in the gauge principle, which was first formulated within (quantum) electrodynamics, expanded very much when fifty years ago Yang and Mills invented their non-Abelian generalization. Attention has been paid not only to the obivious gauge invariants, which comprise the gauge field action for gauge field dynamics, but also to other gauge theoretic entities, whose physical and mathematical importance became quickly established.
In this essay I discuss some features of one such entity: the Chern-Simons term, the "antiderivative" of Chern-Pontryagin density.
The Chern-Simons term, constructed in three dimensions with an Abelian gauge connection A i , is
In the non-Abelian generalization, the connection acquires the Lie algebra label a, A a i , and can alternatively be presented as a Lie algebra valued matrix A i = A a i T a , where the T a are anti-Hermitian matrices, satisfying the Lie algebra with structure constants f abc .
[
The non-Abelian Chern-Simons term then takes the form
In the second equality ... denotes matrix trace.
The Abelian quantity (1.1) is long familiar in various branches of classical physics. In electromagnetism, where A is the vector potential for the magnetic field B ≡ ∇ × A, (1.1) becomes 1 16π 2 d 3 x A · B and is called the magnetic helicity, related to the Gauss linking number of magnetic flux lines. In fluid mechanics A is identified with the fluid velocity v and ∇ × v ≡ ω is the vorticity. Then (1.1) is the vortex helicity, which is conserved in isentropic fluid motion [1] .
The non-Abelian Chern-Simons term (1.3) made its appearance in (quantum) field theory, both at fixed time on 3-dimensional space, and in planar dynamics on (2+1)-dimensional space-time. The former role derives from the fact that under a gauge transformation,
(1.3) changes as
For homotopically non-trivial gauge transformations the last integral in (1.5) evaluates the winding number of the gauge transformation g. (That integrand is known to be a total derivative, even though this is not manifestly evident in the formula (1.5) [2] .) Another known fact is that the fixed-time wave functionals of the Yang-Mills quantum theory, Ψ(A), respond by a phase to homotopically non-trivial gauge transformations of their argument. Consequently the gauge non invariant portion of Ψ(A) may be factored out with the help of the Chern-Simons term, 6) so that Φ(A) is invariant against all gauge transformations -homotopically trivial and nontrivial -while the phase change of Ψ(A) under homotopically non-trivial gauge transformations is carried by e iθCS(A) . The dynamical role that the Chern-Simons term can play in (2+1)-dimensional planar physics, derives from the fact that even though CS(A) is not gauge invariant, it is invariant against infinitesimal gauge transformations. Consequently its variation with respect to A i is gauge covariant.
Therefore, the Chern-Simons term can contribute to the action for planar (2+1)-dimensional gauge covariant dynamics, thereby providing a gauge covariant addition to the equation of motion. When the gauge theory permits homotopically non-trivial gauge transformations, the strength of the addition must be quantized, so that the gauge change of the Chern-Simons term be an integral multiple of 2π, and therefore invisible in the phase exponential of the action that governs the quantum theory. The Chern-Simons addition to conventional planar gauge dynamics gives rise to massive excitations, while maintaining unbroken gauge invariance. This has an especially dramatic effect on Einstein gravity theory, where the added ChernSimons term is based on the diffeomorphism group, [with the gauge connection matrix in (1.3), (A i ) m n , replaced by the Christoffel connection matrix (
Without the ChernSimons term, Einstein theory possesses no excitations in (2+1)-dimensions; with it, a single massive propagating mode is present and diffeomorphism invariance is preserved [4] .
The gauge theoretic Chern-Simons term (1.1), (1.3) is diffeomorphism invariant, but does not involve a metric tensor for the 3-space on which it is defined. This fact makes CS(A) a topological entity, and therefore the following consideration is germane.
Other familiar topological entities, like the Chern-Pontryagin index P of a gauge field strength (curvature) F µν ,
or the flux of a magnetic field B,
enjoy the property that the integrands can be written as total derivatives, provided the various fields are presented in terms of potentials. Then the defining integrals [e.g. (1.9), (1.10)] can be cast onto integrals over the boundary surrounding the "bulk" region of integration.
Notice the potentials are not uniquely determined by the fields they parameterize. Also the ability to write P or Φ as a boundary integral does not mean these quantities vanish; rather a non-zero value for P or Φ can be accommodated by sufficiently slow fall-off for the potentials on the boundary, so that the boundary integration reproduces a non-zero number.
The following question about the Chern-Simons term (1.1), (1.3) now arises naturally. Can one present A i in terms of further potentials, such that the integrands in (1.1), (1.3) become total derivatives and the volume integrals are converted to surface integrals?
Answers to this question are available in various stages. For the Abelian Chern-Simons term an old result due to Clebsch provides the required parameterization, which is widely known in fluid mechanics [1] . An alternative approach to the Abelian problem gives a hint how to proceed in the non-Abelian case, which has been solved, at least for some gauge groups [5] .
Both these results can be called "physicists solutions." There is also a well-know mathematical analysis -the Bott-Chern representation -which in a different sense provides a related answer to our question [6] .
We shall describe all the above developments. But first let us make some general remarks on the problem. In form notation (we dispense with the wedge product symbol ∧), the ChernPontryagin density 4-form F 2 is exact, satisfying according to (1.11)
(1.13)
Eq. (1.13) holds both for non-Abelian and Abelian fields; in the latter case the last term in the trace is absent. The right side involves the Chern-Simons density, CS(A). Our question addresses the possibility of writing that density as
(1.14)
But this would imply according to (1.13)
whose right side vanishes. Thus a non-vanishing F 2 presents an obstruction to (1.14)! How to overcome this?
In the "physics" approach mentioned previously, the Chern-Simons density is defined only on a 3-dimensional manifold, where 4-forms cannot be supported. F 2 vanishes and (1.14) can be achieved. Indeed since CS(A) is a 3-form, it is trivially closed on a 3-manifold, and by Poincaré's lemma it is (locally) exact. Details follow in Section 2, below.
The "mathematical" Bott-Chern approach works on a Kähler (even-dimensional) manifold and places further conditions on F . Specifically, in four dimensions, where holomorphic (d + ) and anti-holomorphic (d − ) derivatives are defined, Bott-Chern show that, with their the further conditions on F in place, it follows
(1.17)
See Section 3, below.
Chern-Simons Density on a 3-dimensional Manifold
A. Abelian Case The parameterization for a vector field A, which casts the Abelian Chern-Simons density,
into a total derivative and the Abelian Chern-Simons term (1.1) into a surface integral, has been known for some time. It is the Clebsch parameterization [1] .
Note that three scalar functions (θ, α, β), known as Monge potentials, are used to represent the three arbitrary functions that comprise A. Therefore an arbitrary vector field (vector potential of electromagnetism, velocity field of a fluid) can be cast into the Clebsch form, at least locally. The θ variable captures the gauge freedom of A, while α and β contribute to the curl of A as
3)
The Chern-Simons density then becomes a total divergence.
so that the Chern-Simons term is a surface integral.
These formulas read in form notation.
Eq. (2.5) is recognized as an instance of Darboux's construction for an arbitrary 1-form. Since the Chern-Pontryagin density does not exist in 3-space, there is no problem with d CS(A) = 0. It must be stressed that the Clebsch parameterization remains available for vector fields with non-vanishing Abelian Chern-Simons term (= magnetic helicity, vortex helicity). The non-vanishing number must arise entirely from the surface due to slow fall-off (or other singularities) in the Monge potentials. An example illustrates this.
Consider the vector potential whose spherical components are given by
(r, and Θ, Φ denote the conventional radial coordinate and the polar, azimuthal angles.) The function a(r) is taken to vanish at the origin, and to behave as 2πν at infinity (ν integer or half-integer). The corresponding magnetic field B ≡ ∇ × A reads
and the Chern-Simons integral is quantized by the behavior of a(r) at infinity.
In spite of the nonvanishing magnetic helicity, a Clebsch parameterization for (2.8) is readily constructed. In form notation, it reads
The potential θ = −2Φ is multivalued. Consequently the "surface" integral determining the Chern-Simons term becomes
That is, the magnetic helicity is the flux of the toroidal magnetic field through the positive-x (x, z) half-plane. We remark on a subtle property of the Clebsch decomposition when used in variational calculations [7] . Consider an "action" of the form
14)
where B(r) ≡
δB(r) . Demanding that I be stationary against variations of A requires the vanishing of the term in parentheses, which is transverse, since the transverse part of the variation δA is arbitrary.
∇ × B + µB = 0, (2.15)
Now let us examine the same problem in the Clebsch parameterization. The Chern-Simons contribution to (2.13) reads, according to (2.4)
In the gauge θ = 0 (2.16) vanishes, and in any gauge it has no bulk contribution, so its variation will never produce the second left-hand term in (2.15). So how is (2.15) regained in the Clebsch parameterization? Returning to (2.13), we accept the fact that the variation of the last term vanishes, while the variation of the first leaves
Since δα and δβ are arbitrary, I is stationary provided
We obtain two equations, which imply by (2.3), that ∇ × B must be proportional to B.
Transversality of ∇ × B and B further requires that B·∇µ(r) = 0, i.e., a non-vanishing ∇µ(r) (= non-constant µ) must lie in the (∇α, ∇β) plane. Since (2.19) is weaker than the parameteriztion-independent (2.15) where µ is constant, we conclude that the Clebsch paramterization is somewhat incomplete, when used in variational calculations that ignore surface terms. This is similar to the fact that in the Clebsch parameterization gauge potentials that carry a non-vanishing Chern-Simons term encode the non-vanishing value in a surface term.
Given a vector field A, there exists a well established analytic procedure for determining the potentials for the Clebsch parameterization of A [1] . We do not present this here. Rather we give an entirely different proof, based on group theory, that the Abelian Chern-Simons density is a total derivative. With this information, the Clebsch parameterization follows. Moreover, our method, which is here first illustrated for the Abelian case, can be generalized to the non-Abelian situation [5] , see Section 2 B.
Our group theoretical method for constructing the Clebsch parameterization for an Abelian connection (potential) A relies on projecting the connection from a non-Abelian one, specifically, one for SU (2). We consider an SU(2) group element g and a pure gauge SU(2) gauge field, whose matrix-valued 1-form is
where σ a are Pauli matrices. It is known that
is a total derivative; indeed its spatial integral measures the winding number of the gauge function g; see (1.5). Since V a is a pure gauge, we have
so that if we define an Abelian gauge connection A by selecting one SU(2) component of (2.20) (say the third) A = V 3 , the Abelian Chern-Simons density for A is a total derivative, as is seen from the chain of equations that relies on (2.21) and (2.22),
and concludes with an expression known to be a total derivative. Of course A = V 3 is not an Abelian pure gauge. Note that g depends on three arbitrary functions, the three SU(2) local gauge functions. Hence V 3 enjoys sufficient generality to represent the 3-dimensional vector A. Moreover, since A's Abelian Chern-Simons density is given in (2.23) by tr(g −1 dg) 3 , which is a total derivative, a Clebsch parameterization for A is easily constructed. We also observe that when the SU(2) group element g has non-vanishing winding number, the resultant Abelian vector possesses a non-vanishing Chern-Simons integral, that is, nonzero magnetic or vortex helicity. Specifically, the example of the Clebsch-parameterized gauge potential in (2.8), (2.11) is gotten by projecting onto the third direction of a pure gauge SU (2) potential constructed from the group element g = exp(σ a /2i)r a a(r), A = i tr σ 3 g −1 dg. An even more direct example is given by the SU (2) group element g = e θ . Then A = dθ + cos γ dβ.
B. Non-Abelian Case
Now we turn to the non-Abelian problem, which we formulate in the following way : For a given group H, how can one construct a connection A a such that its non-Abelian Chern-Simons integrand CS(A) is a total derivative?
In the solution that we present, the "total derivative" form for the Chern-Simons density of A a is achieved in two steps. The parameterization, which we find, directly leads to an Abelian form of the Chern-Simons density,
for some γ. Then Darboux's theorem (or usual fluid dynamical theory) ensures that γ can be presented in Clebsch form, so that γ dγ is explicitly a total derivative.
We begin with a pure gauge g −1 dg in some non-Abelian group G (called the Ur-group) whose Chern-Simons integral coincides with the winding number of g.
We consider a normal subgroup H ⊂ G, with generators T a , and construct non-Abelian gauge potentials for H by projection.
Within H, this is not a pure gauge. We determine the group structure that ensures the Chern-Simons 3-form of A a to be proportional to tr(g −1 dg) 3 . Consequently, the constructed non-Abelian gauge fields, belonging to the group H, carry quantized Chern-Simons number. Moreover, we describe the properties of the Ur-group G that guarantee that the projected potentials A a enjoy sufficient generality to represent an arbitrary potential in H.
Since tr(g −1 dg) 3 is a total derivative for an arbitrary group (although this fact cannot in general be expressed in finite terms) our construction ensures that the form of A a , which is achieved through the projection (2.26), produces a "total derivative" expression (in the limited sense indicated above) for its Chern-Simons density.
Conditions on the Ur-group G, which we take to be compact and semi-simple, are the following. First of all G has to be so chosen that it has sufficient number of parameters to make tr(T a g −1 dg) a generic potential for H. Since we are in three dimensions, an H-potential A a has 3 × dimH independent functions; so a minimal requirement will be dim G ≥ 3 dim H .
(2.27) Secondly we require that the H-Chern-Simons form for A a should coincide with that of g −1 dg. As we shall show in a moment, this is achieved if G/H is a symmetric space. In this case, if we split the Lie algebra of G into the H-subalgebra spanned by T a , a = 1, . . . , dim H, and the orthogonal complement spanned by S A , A = 1, . . . , (dim G − dim H), the commutation rules are of the form
(h a ) AB form a (possibly reducible) representation of the H-generators T a . The constant N depends on normalizations. We define the traces of the generators by
We can evaluate the quantity tr[S A , S B ]T a = trS A [S B , T a ] using the commutation rules. This immediately gives the relation N 1 N = N 2 . Expanding g −1 dg in terms of generators, we write
which defines the H-potential A a . Equivalently
, we get the Maurer-Cartan relations
Using these results, the following chain of equations shows that the Chern-Simons 3-form for the H-gauge group is proportional to tr(g −1 dg) 3 .
In the above sequence of manipulations, we have used the Maurer-Cartan relations (2.32), which rely on the symmetric space structure of (2.28a-c), and the trace relations (2.29), along with
We thus see that CS(A) is indeed the winding number of the configuration g ∈ G. Since tr(g −1 dg) 3 is a total derivative locally on G, the connection (2.31), with the symmetric space structure of (2.28a-c), does indeed fulfill the requirement of making CS(A) a total derivative. It is therefore appropriate to call our construction (2.31) a "non-Abelian Clebsch parameterization".
In explicit realizations, given a gauge group of interest H, we need to choose a group G such that the conditions (2.27), (2.28a-c) hold. In general this is not possible. However, one can proceed recursively. Let us suppose that the desired result has been established for a group, which we call H 2 . Then we form H ⊂ G obeying (2.28a-c) as H = H 1 × H 2 , where H 1 is the gauge group of interest, satisfying dimG ≥ 3 dimH 1 . For this choice of H, the result (2.33) becomes
But since CS(H 2 ) is already known to be a total derivative, (2.34) shows the desired result: CS(H 1 ) is a total derivative. With SU (2) as the U r-group and H = U (1) or SO(2), we achieve Clebsch parameterization for an Abelian potential, as explained in (2.20) 
For an explicit working out of a non-Abelian case, we consider a potential for SU (2) ≈ O(3), which possesses nine independent functions. We take G = O(5), H = O(3) × O(2). We consider the 4-dimensional spinorial representation of O(5). With the generators normalized by tr(T a T b ) = −δ ab , the Lie algebra generators of O(5) are given by matrices of Pauli matrices.
, with the conventional structure constants ǫ abc , and T 0 is the generator of O(2). S,S are the coset generators. A general group element in O(5) can be written in the form g = M hk where h ∈ O(3), k ∈ O(2), and
w a is a complex 3-dimensional vector, with the bar denoting complex conjugation; w ·w ≡ w awa and (w ×w) a ≡ ǫ abc w bwc . The general O(5) group element contains ten independent real functions. These are collected as six from M (in the three complex functions w a ), three in h, and one in k.
The O(3) gauge potential given by −tr(T a g −1 dg) reads
where R ab (h) is defined by hT a h −1 = R ab h b and k does not contribute. A a is the h-gauge transform of a a , which depends on six real parameters (w a ). The three gauge parameters of h ∈ O(3), along with the six, give the nine functions needed to parameterize a general O(3)-[or SU (2)-] connection in three dimensions. The Chern-Simons form is
The second equality reflects the usual response of the Chern-Simons density to gauge transformations. Using the explicit form of a a as given in (2.37), we can further reduce this. Indeed we find
39)
Upon defining an Abelian potential
we can easily check that a da reproduces (2.39).
CS(A)
3 Chern-Simons Density on a 4-dimensional Manifold
In a 4-dimensional space (x 1 , x 2 , x 3 , x 4 ) we introduce complex coordinates (holomorphic and anti-holomorphic).
In the Bott-Chern analysis it is also required that the holomorphic and anti-holomorphic components of the curvature F µν vanish.
[Note that anti-self dual connections obey (3.2), but they also satisfy F zz = −F ww , which here is not required.] A consequence of (3.2) is that connection components take the form
After a further gauge transformation, this may be replaced by
with Hermitian g = U † U . Next we define the holomorphic (d + ) and anti-holomorphic (d − ) differentials by
Thus the conditions (3.2) Abelianize the formulas for the various gauge field quantities.
The last equality in (3.8) holds since a 3 = 0. Finally in order to achieve (1.16) we establish that
by studying the variation of ad − a .
But right side of (3.10a) may be written as
(3.11b)
Ω and X must be determined by integrating (3.11). For X , a formal integration of (3.11b) gives
[Observe that a is a 1-form on the 2-dimensional "+" manifold, which cannot support a 3-form like a 3 . Therefore to make sense of the "formal" (3.12), the "+" manifold must be extended by an auxiliary third dimension.] The Chern-Pontryagin density is found from Ω, as in (3.7), (3.8).
X does not contribute here, but it is needed to reconstruct CS(A), as in (3.9). It is instructive to see some explicit expressions. In the Abelian case, with A = a = d + θ, we have Note that the Abelian connection is parameterized in terms of one function, θ, or two functions if the gauge freedom is included. But a general connection in 4-space requires four functions. For a non-Abelian example, we consider the SU(2) case and take g = e σ a 2 θ a . Then
with θ ≡ √ θ a θ a ,θ a ≡ θ a /θ. (3.14)
The Chern-Pontryagin and Chern-Simons densities are reconstructed, as in (1.16) and (1.17), from Note that three functions are involved (θ a ) in the parameterization of the connection; six if the gauge freedom is included. However, a SU(2) connection on 4-space requires twelve functions.
Thus we see that the Bott-Chern construction, by requiring the holomorphicity condition (3.2), deals with connections that possess only half of the possible arbitrary functions.
Conclusion
On a 3-manifold where < F 2 > vanishes, the Chern-Simons density can be constructed as an exact form (1.14), with the help of the (usual) Abelian and (newly developed) non-Abelian Clebsch parameterization. The construction enjoys sufficient generality so that an arbitrary gauge connection can be accommodated. In contrast, on a 4-dimensional manifold a different construction allows presenting the Chern-Simons density as the sum of exact holomorphic and anti-holomorphic forms (3.9), provided the corresponding curvature has no holomorphic and anti-holomorphic components. This requirement decreases by half the possible number of independent connection components.
In both constructions the Chern-Simons density takes on Abelian expressions, (2.24), (3.8). In the former, 3-dimensional case, the Chern-Simons term can be prevented as an integral over the surface bounding the integration volume.
